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Abstract :
We study the exact solutions of a particular class of N confined particles of equal
mass, with N = 3k (k = 2, 3, ...), in the D = 1 dimensional space. The particles
are clustered in clusters of 3 particles. The interactions involve a confining mean
field, two-body Calogero type of potentials inside the cluster, interactions between
the centres of mass of the clusters and finally a non-translationally invariant N -body
potential. The case of 9 particles is exactly solved, in a first step, by providing the
full eigensolutions and eigenenergies. Extending this procedure, the general case of N
particles (N = 3k, k ≥ 2) is studied in a second step. The exact solutions are obtained
via appropriate coordinate transformations and separation of variables. The eigenwave
functions and the corresponding energy spectrum are provided.
PACS: 02.30.Hq, 03.65.-w, 03.65.Ge
1
1 Introduction
The study of exactly solvable integrable quantum systems of N interacting particles
still retains attention. The Calogero [1, 2] and Sutherland [3, 4] models constitute
famous examples. Most of the works have been performed in the D = 1 dimensional
space. A good survey of the many-body problems can be found in [5, 6], and in the
report [7], where many integrable quantum systems have been classified with respect to
Lie algebras. Systems with point interactions have also been considered, still in D = 1
[8, 9]. The early works of Calogero and Sutherland have been extended to many more
complex systems, concerning two- and three-body problems. We can quote, in a non
exhaustive way, the works of several authors [10-19].
For four-body systems and beyond, the works on exactly solvable quantum systems
are much more scarce [20-23]. Recently we have solved exactly some few-body quan-
tum problems consisting of four, five and six particles moving on a line [24]. In these
particular systems, the particles are confined in a harmonic trap and interact pairwise,
in clusters of two and three particles, through two-body inverse square Calogero po-
tentials. The obtained results suggest to extend the construction to larger systems of
particles, even for N -body problems, with large values of N .
The purpose of the present paper is to point out a particular case of a N -body
quantum problem admitting an exact solution. The interactions between the particles
of this system are inspired by those used in our previous works for 3,4,5 and 6-particle
systems [19, 23, 24]. The N particles, of equal masses, are confined in a harmonic
mean field with frequency ω, and clustered in clusters of three particles. Then, the
number N of particles is N = 3k (k = 2, 3, ...). In each of 3k−1 three-body clusters, the
particles interact mutually with two-body inverse square Calogero potentials [2]. Other
many-particle interactions are added and chosen as follows : the clusters interact via
a Calogero type of potential depending on the distance between their centres of mass.
This can be generalized to N = 3k particles with k ≥ 2 by clustering again the clusters
in groups of 3 clusters, and letting the clusters of clusters to interact via their centres
of mass. Finally a non-translationally invariant N -body interaction is added.
The hierarchy of clustering is illustrated in Fig.1 for the case of N = 32 parti-
cles. The case of 9 particles is studied and solved exactly. With some successive and
appropriate coordinate transformations, the problem is solved by separation of vari-
ables. The solutions of the corresponding stationary Schro¨dinger equation are provided,
namely the eigenwavefunctions and the corresponding eigenenergies. The general case
of N = 3k, (k ≥ 2) is then studied by following the same procedure. After some
straightforward calculations and coordinates transformations, the exact solutions are
given.
The paper is organized as follows. In section 2 we present and solve the nine-body
problem for the case of harmonic confinement of the particles. In section 3 we treat
the case of N = 3k particles. Conclusions are given in section 4.
2 A nine-body problem with harmonic confinement
We consider the Hamiltonian :
2
Figure 1: A) 32 particles in interaction, B) : 3 clusters of ”level 1” each containing 3
particles, C) one cluster of ”level 2” containing 3 clusters of ”level 1”.
H =
9∑
i=1
(
− ∂
2
∂x2i
+ ω2x2i
)
+
∑
1≤i<j≤3
λ1,1
(xi − xj)2 +
∑
4≤i<j≤6
λ2,1
(xi − xj)2 +
∑
7≤i<j≤9
λ3,1
(xi − xj)2
+
∑
1≤i<j≤3
3λ1,2
(x3i−2 + x3i−1 + x3i − x3j−2 − x3j−1 − x3j)2
+
µ∑9
i=1 x
2
i
(1)
Here, we use the units h¯ = 2m = 1. The first term gives the energy of the nine
independent particles with coordinates xi, i = 1, 2, .., 9 in a harmonic trap. The nine
particles are clustered in 3 clusters of 3 particles. Inside each cluster, the particles
interact pairwise via a two-body inverse square Calogero potential. The first cluster
involves the first three particles, with coordinates x1, x2 and x3, the second one the
next three particles, with coordinates x4, x5 and x6, and the third one the particles with
coordinates x7, x8 and x9. The next-to-last terms represent the 3 clusters interacting
pairwise via their centre of mass. It gives rise to the terms (x3i−2+x3i−1+x3i−x3j−2−
x3j−1 − x3j)−2 and constitutes actually a 6-body interaction. A non-translationally
invariant nine-body potential with coupling constant µ is added, represented by the
last term µ/(
∑9
i=1 x
2
i ).
In order to solve this nine-body problem, let us introduce the first coordinate trans-
formation to Jacobi and centre of mass coordinates
3
ui,1 =
1√
2
(x3i−2 − x3i−1), vi,1 = 1√
6
(x3i−2 + x3i−1 − 2x3i) (2)
wi,1 =
1√
3
(x3i−2 + x3i−1 + x3i) i = 1, 2, 3 . (3)
The second index ”1” refers to this first coordinate transformation. The transformed
Hamiltonian reads:
H =
3∑
i=1

− ∂2
∂u2i,1
− ∂
2
∂v2i,1
− ∂
2
∂w2i,1
+ ω2[u2i,1 + v
2
i,1 + w
2
i,1] +
9λi,1[u
2
i,1 + v
2
i,1]
2
2
[
u3i,1 − 3ui,1v2i,1
]2


+
∑
1≤i<j≤3
λ1,2
(wi,1 − wj,1)2 +
µ∑3
i=1[u
2
i,1 + v
2
i,1 + w
2
i,1]
. (4)
This Hamiltonian is not separable in the 9 variables {ui,1, vi,1, wi,1}, i = 1, 2, 3. We
first introduce polar coordinates :
ui,1 = ri,1 sinϕi,1, vi,1 = ri,1 cosϕi,1, 0 ≤ ri,1 <∞, 0 ≤ ϕi,1 ≤ 2π, i = 1, 2, 3 .
(5)
By using the notations
w˜1 ≡ {w1,1, w2,1, w3,1}, r˜1 ≡ {r1,1, r2,1, r3,1}, ϕ˜1 ≡ {ϕ1,1, ϕ2,1, ϕ3,1}, (6)
the Schro¨dinger equation is then written as :{
3∑
i=1
(
− ∂
2
∂w2i,1
− ∂
2
∂r2i,1
− 1
ri,1
∂
∂ri,1
+ ω2[r2i,1 + w
2
i,1]
)
+
∑
1≤i<j≤3
λ1,2
(wi,1 − wj,1)2 +
µ∑3
i=1(r
2
i,1 + w
2
i,1)
+
3∑
i=1
1
r2i,1
[
− ∂
2
∂ϕ2i,1
+
9λi,1
2 sin2(3ϕi,1)
]
−E
}
Ψ(w˜1, r˜1, ϕ˜1) = 0. (7)
The potential involved in the equation (7)
V (w˜1, r˜1, ϕ˜1) =
∑
1≤i<j≤3
λ1,2
(wi,1 − wj,1)2 +
µ∑3
i=1(r
2
i,1 + w
2
i,1)
+
3∑
i=1
[
1
r2i,1
9λi,1
2 sin2(3ϕi,1)
]
has the general form
V (w˜1, r˜1, ϕ˜1) = f(w˜1, r˜1) +
3∑
i=1
fi(ϕi,1)
r2i,1
. (8)
This suggests the wave function to be factorized as follows
Ψ(w˜1, r˜1, ϕ˜1) = χ(w˜1, r˜1)×
3∏
i=1
Φi,1(ϕi,1) . (9)
4
The equation (7) will be solved in two steps. Firstly we consider the 3 angular equations
: (
− d
2
dϕ2i,1
+
9λi,1
2 sin2(3ϕi,1)
)
Φni,1(ϕi,1) = Bni,1Φni,1(ϕi,1), i = 1, 2, 3 , (10)
on the interval ]0, π/3[, with Dirichlet conditions at the boundaries. In the vicinity of
ϕi,1 = 0, (i = 1, 2, 3) (resp.
π
3
,) the singularity can be treated if and only if λi,1 > −1/2,
similar to the case of a centrifugal barrier. Otherwise the operator has several self-
adjoint extensions, each of which may lead to a different spectrum [25, 26].
The Bni,1, i = 1, 2, 3, are the eigenvalues of the equations (10), respectively given
by [10, 19]
Bni,1 = b
2
ni,1
, bni,1 = 3
(
ni,1 +
1
2
+ ai,1
)
, (11)
ai,1 =
1
2
√
1 + 2λi,1,
(
λi,1 > −1
2
)
, ni,1 = 0, 1, 2, ...., i = 1, 2, 3 . (12)
The associated eigensolutions are given in terms of the Gegenbauer polynomials C(q)n
[27]
Φni,1(ϕi,1) = (sin 3ϕi,1)
1
2
+ai,1C
( 1
2
+ai,1)
ni,1 (cos 3ϕi,1), (13)
0 ≤ ϕi,1 ≤ π
3
, ni,1 = 0, 1, 2, .. .
The extension from the interval ]0, π/3[ to the whole interval [0, 2π] is made fol-
lowing the prescription given in [10] by using symmetry arguments according to the
statistics obeyed by the particles.
The second step consists in the resolution of the following Schro¨dinger equation :


3∑
i=1
[
− ∂
2
∂w2i,1
− ∂
2
∂r2i,1
− 1
ri,1
∂
∂ri,1
+ ω2[r2i,1 + w
2
i,1]
]
+
∑
1≤i<j≤3
λ1,2
(wi,1 − wj,1)2
+
µ∑3
i=1[r
2
i,1 + w
2
i,1]
+
3∑
i=1
Bni,1
r2i,1
− En˜1
}
χn˜1(w˜1, r˜1) = 0 , (14)
with n˜1 ≡ {n1,1, n2,1, n3,1}.
We first draw the attention to wi,1’s variables and introduce the coordinates la-
beled by the second index ”2”, corresponding to the second set of the coordinates
transformation to the Jacobi and centre of mass coordinates
u1,2 =
1√
2
(w1,1 − w2,1), v1,2 = 1√
6
(w1,1 + w2,1 − 2w3,1), w1,2 = 1√
3
(w1,1 + w2,1 + w3,1) .
(15)
The transformed equation reads:{
− ∂
2
∂u21,2
− ∂
2
∂v21,2
− ∂
2
∂w21,2
−
3∑
i=1
(
∂2
∂r2i,1
+
1
ri,1
∂
∂ri,1
)
+
3∑
i=1
Bni,1
r2i,1
5
+ω2[u21,2 + v
2
1,2 + w
2
1,2 +
3∑
i=1
r2i,1] +
µ
u21,2 + v
2
1,2 + w
2
1,2 +
∑3
i=1 r
2
i,1
+
9λ1,2[u
2
1,2 + v
2
1,2]
2
2
[
u31,2 − 3u1,2v21,2
]2 − En˜1

χn˜1(u1,2, v1,2, w1,2, r˜1) = 0 . (16)
We then introduce the following transformation to polar coordinates :
u1,2 = r1,2 sinϕ1,2, v1,2 = r1,2 cosϕ1,2, 0 ≤ r1,2 <∞, 0 ≤ ϕ1,2 ≤ 2π . (17)
The Schro¨dinger equation(16) becomes :
{
− ∂
2
∂w21,2
− ∂
2
∂r21,2
− 1
r1,2
∂
∂r1,2
−
3∑
i=1
(
∂2
∂r2i,1
+
1
ri,1
∂
∂ri,1
)
+ ω2[w21,2 + r
2
1,2 +
3∑
i=1
r2i,1]
+
µ
w21,2 + r
2
1,2 +
∑3
i=1 r
2
i,1
+
1
r21,2
[
− ∂
2
∂ϕ21,2
+
9λ1,2
2 sin2(3ϕ1,2)
]
+
3∑
i=1
Bni,1
r2i,1
− En˜1
}
χn˜1(w1,2, r1,2, ϕ1,2, r˜1) = 0 . (18)
The potential involved in the equation (18)
V (w1,2, r1,2, ϕ1,2, r˜1) = ω
2[w21,2 + r
2
1,2 +
3∑
i=1
r2i,1] +
µ
w21,2 + r
2
1,2 +
∑3
i=1 r
2
i,1
+
3∑
i=1
Bni,1
r2i,1
+
1
r21,2
9λ1,2
2 sin2(3ϕ1,2)
, (19)
has the general form
V (w1,2, r1,2, ϕ1,2, r˜1) = f1(w1,2, r1,2, r˜1) +
f(ϕ1,2)
r21,2
. (20)
Again, it suggests the wave function χn˜1 to be factorized as follows :
χn˜1(w1,2, r1,2, ϕ1,2, r˜1) =
1√
r1,2
∏3
i=1 ri,1
ηn˜1(w1,2, r1,2, r˜1) Φ1,2(ϕ1,2) . (21)
The equation (18) will be solved in two steps. Firstly we solve
(
− d
2
dϕ21,2
+
9λ1,2
2 sin2(3ϕ1,2)
)
Φn1,2(ϕ1,2) = Bn1,2Φn1,2(ϕ1,2), (22)
on the interval ]0, π/3[, with Dirichlet conditions at the boundaries. Note that the
condition λ1,2 > −12 ensures that the operator is self-adjoint. The latter equation
shows that Φn1,2 does not depend on the index n˜1.
6
Bn1,2 denotes the eigenvalues of Eq.(22), given by
Bn1,2 = b
2
n1,2
bn1,2 = 3
(
n1,2 +
1
2
+ a1,2
)
, (23)
a1,2 =
1
2
√
1 + 2λ1,2
(
λ1,2 > −1
2
)
, n1,2 = 0, 1, 2, .... . . (24)
The associated eigensolutions are written in terms of the Gegenbauer polynomials
C
(q)
M
Φn1,2(ϕ1,2) = [sin 3(ϕ1,2)]
1
2
+a1,2 C
( 1
2
+a1,2)
n1,2 (cos 3ϕ1,2), (25)
0 ≤ ϕ1,2 ≤ π
3
, n1,2 = 0, 1, 2, ... .
Then, we have to solve the following Schro¨dinger equation
{
− ∂
2
∂w21,2
− ∂
2
∂r21,2
−
3∑
i=1
[
∂2
∂r2i,1
]
+ ω2[r21,2 + w
2
1,2 +
3∑
i=1
r2i,1] +
µ
r21,2 + w
2
1,2 +
∑3
i=1 r
2
i,1
+
3∑
i=1
Bni,1 − 14
r2i,1
+
Bn1,2 − 14
r21,2
− En1,2,n˜1
}
ηn1,2,n˜1(w1,2, r1,2, r˜1) = 0 . (26)
For µ = 0, the solution of Eq.(26) is simply given in terms of the Laguerre Polynomials
Lℓk and Hermite polynomials HM [27] :
ηM,k1,2,k˜1,n1,2,n˜1(w1,2, r1,2, r˜1) = HM(
√
ωw1,2) exp(−ωw21,2/2)
r
bn1,2+1/2
1,2 L
bn1,2
k1,2
(ωr21,2) exp(−ωr21,2/2)
3∏
i=1
r
bni,1+1/2
i,1 L
bni,1
ki,1
(ωr2i,1) exp(−ωr2i,1/2)
M = 0, 1, 2, ... , (∀i), i = 1, 2, 3, ki,1 = 0, 1, 2, ... , k1,2 = 0, 1, 2, ... , (27)
and corresponds to the energy spectrum
EM,k1,2,k˜1,n1,2,n˜1 = ω
(
9 + 2bn1,2 + 2
3∑
i=1
bni,1 + 2M + 4kn1,2 + 4
3∑
i=1
kni,1
)
. (28)
The energy (28) can be rewritten, thanks to Eqs.(11,23)
EM,k1,2,k˜1,n1,2,n˜1 = 2ω
{
21
2
+ 3n1,2 + 3a1,2 +
3∑
i=1
(3ni,1 + 3ai,1) +M + 2kn1,2 + 2
3∑
i=1
kni,1
}
.
(29)
For µ 6= 0, we introduce the hyperspherical transformation [28] :
w1,2 = r cosα, r1,2 = r sinα cos θ
0 ≤ r <∞ 0 ≤ α ≤ π
r1,1 = r sinα sin θ cos β, r2,1 = r sinα sin θ sin β sinφ, r3,1 = r sinα sin θ sin β cos φ,
0 ≤ θ ≤ π
2
, 0 ≤ β ≤ π
2
, 0 ≤ φ ≤ π
2
. (30)
7
The Schro¨dinger equation (26) is then written as:{
− ∂
2
∂r2
− 4
r
∂
∂r
+ ω2r2 +
µ
r2
+
1
r2
[
− ∂
2
∂α2
− 3 cotα ∂
∂α
+
1
sin2 α
(
− ∂
2
∂θ2
− 2 cot θ ∂
∂θ
+
Bn1,2 − 14
cos2 θ
+
1
sin2 θ
(
− ∂
2
∂β2
− cot β ∂
∂β
+
Bn1,1 − 14
cos2 β
+
1
sin2 β
(
− ∂
2
∂φ2
+
Bn2,1 − 14
sin2 φ
+
Bn3,1 − 14
cos2 φ
)))]
− En1,2,n˜1
}
ηn1,2,n˜1(r, α, θ, β, φ) = 0 . (31)
This Hamiltonian may be mapped to the problem of one particle in the five dimen-
sional space with a non central potential of the form
V (r, α, β, θ, φ) = f1(r) +
1
r2 sin2 α
[
f2(θ) +
1
sin2 θ
(
f3(β) +
f4(φ)
sin2 β
)]
. (32)
The problem becomes then separable in the five variables {r, α, θ, β, ϕ}. To find the
solution we factorize the wave function as follows :
ηk,ℓ,j,m,i,n1,2,n˜1(r, α, θ, β, φ) =
Fk,ℓ,j,m,i,n1,2,n˜1(r)
r2
Gℓ,j,m,i,n1,2,n˜1(α)
sin3/2 α
Θj,m,i,n1,2,n˜1(θ)
sin θ
Qm,i,n˜1(β)√
sin β
ζi,n2,1,n3,1(φ).
(33)
Accordingly, Eq.(31) separates in five decoupled differential equations:(
− d
2
dφ2
+
Bn2,1 − 14
sin2 φ
+
Bn3,1 − 14
cos2 φ
)
ζi,n2,1,n3,1(φ) = Ri,n2,1,n3,1ζi,n2,1,n3,1(φ), (34)
(
− d
2
dβ2
+
Ri,n2,1,n3,1 − 14
sin2 β
+
Bn1,1 − 14
cos2 β
)
Qm,i,n˜1(β) = Cm,i,n˜1Qm,i,n˜1(β), (35)
(
− d
2
dθ2
+
Cm,i,n˜1 − 14
sin2 θ
+
Bn1,2 − 14
cos2 θ
)
Θj,m,i,n1,2,n˜1(θ) = Dj,m,i,n1,2,n˜1Θj,m,i,n1,2,n˜1(θ),
(36)
(
− d
2
dα2
+
Dj,m,i,n1,2,n˜1 − 14
sin2 α
)
Gℓ,j,m,i,n1,2,n˜1(α) = Aℓ,j,m,i,n1,2,n˜1Gℓ,j,m,i,n1,2,n˜1(α),
(37)
and(
− d
2
dr2
+ ω2r2 +
µ+ Aℓ,j,m,i,n1,2,n˜1 − 14
r2
)
Fk,ℓ,j,m,i,n1,2,n˜1(r) = Ek,ℓ,j,m,i,n1,2,n˜1 Fk,ℓ,j,m,i,n1,2,n˜1(r) .
(38)
The regular solutions of (34) on the interval ]0, π/2[, with Dirichlet conditions at
the boundaries, are given by the expressions [7, 19]
ζi,n2,1,n3,1(φ) = (sinφ)
bn2,1+
1
2 (cosφ)bn3,1+
1
2P
(bn2,1 ,bn3,1 )
i (cos 2φ), i = 0, 1, 2, ...
(39)
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in terms of the Jacobi Polynomials, and are associated to the eigenvalues
Ri,n2,1,n3,1 = r
2
i,n2,1,n3,1
, ri,n2,1,n3,1 = (2i+ 1 + bn2,1 + bn3,1) i = 0, 1, 2, .. . (40)
Here bn2,1 and bn3,1 are taken from equations (11,12).
The second angular equation for the polar angle β reads :
(
− d
2
dβ2
+
r2i,n2,1,n3,1 − 14
sin2 β
+
b2n1,1 − 14
cos2 β
− Cm,i,n˜1
)
Qm,i,n˜1(β) = 0 . (41)
Its regular solutions in ]0, π/2[ with Dirichlet conditions are
Qm,i,n1,2,n˜1(β) = (sin β)
ri,n2,1,n3,1+
1
2 (cos β)bn1,1+
1
2P
(ri,n2,1,n3,1 ,bn1,1 )
m (cos 2β), (42)
0 ≤ β ≤ π
2
, m = 0, 1, 2, ... . (43)
They are associated to the eigenvalue :
Cm,i,n˜1 = c
2
m,i,n˜1
, cm,i,n˜1 = (2m+ 1 + ri,n2,1,n3,1 + bn1,1) m = 0, 1, 2, .. . (44)
Taking into account Eq.(40) we have :
cm,i,n˜1 = (2i+ 2m+ 2 + bn1,1 + bn2,1 + bn3,1) i = 0, 1, 2, ... m = 0, 1, 2, .. . (45)
The regular solutions Eq.(36) in ]0, π/2[ with Dirichlet conditions read, taking into
account Eqs.(23, 45),
Θj,m,i,n1,2,n˜1(θ) = (sin θ)
cm,i,n˜1+
1
2 (cos θ)bn1,2+
1
2P
(cm,i,n˜1 ,bn1,2 )
j (cos 2θ), (46)
0 ≤ θ ≤ π
2
, j = 0, 1, 2, ... .
The eigenvalues Dj,m,i,n1,2,n˜1 of Eq.(36) are given by
Dj,m,i,n1,2,n˜1 = d
2
j,m,i,n1,2,n˜1
, dj,m,i,n1,2,n˜1 = (2j + cm,i,n˜1 + bn1,2 + 1), j = 0, 1, 2, ... ,
(47)
and taking into account (45)
dj,m,i,n1,2,n˜1 = (2j + 2m+ 2i+ bn1,1 + bn2,1 + bn3,1 + bn1,2 + 3) , (48)
j = 0, 1, 2, ..., m = 0, 1, 2, ..., i = 0, 1, 2, .. .
The regular eigensolutions and corresponding eigenvalues of Eq.(37) in the interval
]0, π[ read, respectively [19],
Gℓ,j,m,i,n1,2,n˜1(α) = (sinα)
dj,m,i,n1,2,n˜1+
1
2C
(dj,m,i,n1,2,n˜1+
1
2
)
ℓ (cosα), ℓ = 0, 1, 2, ...,(49)
Aℓ,j,m,i,,n1,2,n˜1 = a
2
ℓ,j,m,i,n1,2,n˜1, (50)
aℓ,j,m,i,n1,2,n˜1 =
(
ℓ+ dj,m,n,i,n1,2,n˜1 +
1
2
)
ℓ = 0, 1, 2, ... ,
9
and taking into account (48)
aℓ,j,m,i,n1,2,n˜1 =
(
ℓ+ 2j + 2m+ 2i+
3∑
M=1
bnM,1 + bn1,2 +
7
2
)
,
ℓ = 0, 1, 2, ..., j = 0, 1, 2, ..., m = 0, 1, 2, ... , i = 0, 1, 2, ... . (51)
Our choices bnM,1 > 0, M = 1, 2, 3, and bn1,2 > 0 ensure that the Hamiltonians of
Eqs.(34,35,36,37) are self-adjoint operators.
Finally, the reduced radial equation reads(
− d
2
dr2
+ ω2r2 +
µ+ Aℓ,j,m,i,n1,2,n˜1 − 14
r2
− Ek,ℓ,j,m,i,n1,2,n˜1
)
Fk,ℓ,j,m,i,n1,2,n˜1(r) = 0. (52)
We introduce the auxiliary parameter κℓ,j,m,i,n1,2,n˜1 defined by
κ2ℓ,j,m,i,n1,2,n˜1 = µ+ Aℓ,j,m,i,n1,2,n˜1 , κℓ,j,m,i,n1,2,n˜1 =
√
µ+ Aℓ,j,m,i,n1,2,n˜1 . (53)
The solution of the radial equation (52) reads [19]
Fk,ℓ,j,m,i,n1,2,n˜1(r) = r
κℓ,j,m,i,n1,2,n˜1+
1
2 exp
(
−ωr
2
2
)
L
(κℓ,j,m,i,n1,2,n˜1 )
k (ωr
2), k = 0, 1, 2... ,
(54)
Lκk being the generalized Laguerre polynomials. The eigenenergies are given by
Ek,ℓ,j,m,i,n1,2,n˜1 = 2ω(2k + κℓ,j,m,i,n1,2,n˜1 + 1), k = 0, 1, 2.... (55)
Note that the reduced radial equation (52) is nothing but the usual 3-dimensional
harmonic oscillator equation, (µ+Aℓ,j,m,i,n1,2,n˜1−1/4)/r2 replacing the centrifugal bar-
rier. The square integrable solutions are well known, putting a limit on the coefficient
of the 1/r2 term, namely (µ+Aℓ,j,m,i,n1,2,n˜1) > 0. Note that taking µ+Aℓ,j,m,i,n1,2,n˜1 = 0
leads to several self-adjoint extensions differing by a phase. This fact has been dis-
cussed in [19]. More details can be found in [29, 30]. It has to be noted that for
attractive centrifugal barriers, µ + Aℓ,j,m,i,n1,2,n˜1 < 0, the problem of collapse appears,
unless regularization procedures are carried out [31, 32, 33, 34].
Taking into account the definition of Aℓ,j,m,i,n1,2,n˜1 , Eq.(50,51), we have
µ+ Aℓ,j,m,i,n1,2,n˜1 = µ+
(
ℓ+ 2j + 2m+ 2i+ 3
3∑
M=1
(nM,1 + aM,1) + 3n1,2 + 3a1,2 +
19
2
)2
> 0
∀ℓ ≥ 0, ∀j ≥ 0, ∀m ≥ 0, ∀i ≥ 0, ∀n1,2 ≥ 0, ∀n1,1 ≥ 0 ∀n2,1 ≥ 0, ∀n3,1 ≥ 0 (56)
for every positive µ.
The quantity µ + Aℓ,j,m,i,n1,2,n˜1 is minimal for n˜1 = 0˜, n1,2 = 0, i = 0, j = 0, m =
0, ℓ = 0 and aM,1 = 0 (∀M = 1, 2, 3), a1,2 = 0 ( we recall that aM,1,M = 1, 2, 3, a1,2 ≥ 0
see (12,24)). The positivity of µ + Aℓ,j,m,i,n1,2,n˜1 puts constraints on negative values of
µ, namely
−
(
19
2
)2
< µ ≤ 0 . (57)
10
Collecting all pieces, we conclude that the physically acceptable (non normalized)
solutions of the Schro¨dinger equation (7) are given, in a compact and symmetrized
form, by
Ψk,ℓ,j,m,i,n1,2,n˜1(r, α, θ, β, φ, ϕ1,2, ϕ˜1) = r
√
µ+(19/2+3a1,2+3n1,2+
∑3
M=1
(3aM,1+3nM,1)+ℓ+2j+2m+2i)2 −7/2
×L
√
µ+(19/2+3a1,2+3n1,2+
∑3
M=1
(3aM,1+3nM,1)+ℓ+2j+2m+2i)2
k (ωr
2) exp
(
−ωr
2
2
)
×(sinα)6+3a1,2+3n1,2+
∑3
M=1
(3aM,1+3nM,1)+2i+2j+2m
×C19/2+3a1,2+3n1,2+
∑3
M=1
(3aM,1+3nM,1)+2i+2j+2m
ℓ (cosα)
×(sin θ)9/2+
∑3
M=1
(3aM,1+3nM,1)+2i+2m(cos θ)3/2+3a1,2+3n1,2
×P 13/2+
∑3
M=1
(3aM,1+3nM,1)+2i+2m,3/2+3a1,2+3n1,2
j (cos 2θ)
×(sin β)3+2i+3a2,1+3a3,1+3n2,1+3n3,1(cos β)3/2+3a1,1+3n1,1P 4+3a2,1+3a3,1+3n2,1+3n3,1,3/2+3a1,1+3n1,1m (cos 2β)
×(sin φ)3a2,1+3n2,1+3/2(cosφ)3a3,1+3n3,1+3/2P 3/2+3 a2,1+3 n2,1,3/2+3 a3,1+3n3,1i (cos 2φ)
×| sin 3ϕ1,2| 12+a1,2C(
1
2
+a1,2)
n1,2 (cos 3ϕ1,2)
3∏
M=1
| sin 3ϕM,1| 12+aM,1C(
1
2
+aM,1)
nM,1 (cos 3ϕM,1) , (58)
with
k = 0, 1, 2, ..., ℓ = 0, 1, 2, ..., j = 0, 1, 2, .., m = 0, 1, 2, .., i = 0, 1, 2, ...,
n1,2 = 0, 1, 2, ..., n1,1 = 0, 1, 2, ..., n2,1 = 0, 1, 2, ..., n3,1 = 0, 1, 2, ...
(∀M) (1 ≤M ≤ 3) 0 ≤ ϕM,1 ≤ π
3
, 0 ≤ ϕ1,2 ≤ π
3
0 ≤ φ ≤ π
3
,
0 ≤ β ≤ π
2
, 0 ≤ θ ≤ π
2
, 0 ≤ α ≤ π 0 ≤ r ≤ ∞
(∀M) (1 ≤M ≤ 3) aM,1 = 1
2
√
1 + 2λM,1 , a1,2 =
1
2
√
1 + 2λ1,2 .
It has to be noticed that, for Bose statistics, a δ pathology occurs in (58) for aM,1 = 1/2
(λM,1 = 0,M = 1, 2, 3) and a1,2 = 1/2 (λ1,2 = 0).
The normalization constantNk,ℓ,j,m,i,n1,2,n˜1 of the wave function Ψk,ℓ,j,m,i,n1,2,n˜1, Eq.(58),
can be calculated from∫ +∞
0
r8 dr
∫ π
0
sin7 α dα
∫ π/2
0
sin5 θ cos θ dθ
∫ π/2
0
sin3 β cos β dβ
∫ π/2
0
sin 2φ dφ
∫ π/3
0
dϕ1,2
3∏
M=1
∫ π
3
0
dϕM,1Ψk,ℓ,j,m,i,n1,2,n˜1(r, α, θ, β, φ, ϕ1,2, ϕ˜1)Ψk′,ℓ′,j′,m′,i′,n′1,2,n˜′1(r, α, θ, β, φ, ϕ1,2, ϕ˜1)
= δk,k′δℓ,ℓ′δj,j′δm,m′δi,i′δn1,2,n′1,2 δn1,1,n′1,1 δn2,1,n′2,1 δn3,1,n′3,1 Nk,ℓ,j,m,i,n1,2,n˜1. (59)
Use is made of the orthogonality properties of Gegenbauer, Jacobi and Laguerre poly-
nomials [27]. The normalization constant Nk,ℓ,j,m,i,n1,2,n˜1 can be worked out analytically.
Its expression involves products of norms of Gegenbauer, Jacobi and Laguerre polyno-
mials. The eigenenergies are :
11
Ek,ℓ,j,m,i,n1,2,n˜1
2ω
= 2k+1+
√√√√√µ+
(
ℓ+ 2j + 2m+ 2i+ 3n1,2 + 3a1,2 + 3
3∑
M=1
(nM,1 + aM,1) +
19
2
)2
(60)
k = 0, 1, 2...., ℓ = 0, 1, 2, ...., j = 0, 1, 2, ...., m = 0, 1, 2, ...., i = 0, 1, 2, ....,
n1,2 = 0, 1, 2, ...., n1,1 = 0, 1, 2, ...., n2,1 = 0, 1, 2, ...., , n3,1 = 0, 1, 2, .... ,
(∀M) (1 ≤M ≤ 3) aM,1 = 1
2
√
1 + 2λM,1 , a1,2 =
1
2
√
1 + 2λ1,2.
Setting µ = 0 we have,
Ek,ℓ,j,m,i,n1,2,n˜1 = 2ω
{
21
2
+ 3n1,2 + 3a1,2 + 3
3∑
M=1
(nM,1 + aM,1) + ℓ+ 2k + 2j + 2m+ 2i
}
.(61)
This expression is equivalent to Eq.(29). Indeed, the energy spectra are similar if
we identify M (of Eq.29)) and ℓ (of Eq.(61)). Then, setting L = 2k+2j + 2m+ 2i for
Eq.(61) and L = 2kn1,2 + 2
∑3
i=1 kni,1 for Eq.(29) we obtain identical expressions of the
energies, Eqs.(29,61). The energy spectra are thus the same.
3 The general case of N = 3k particles ( k ≥ 2)
The same procedure can be generalized to N = 3k, k ≥ 2. As before, the N particles,
with coordinates xi, i = 1, 2, . . . , 3
k are confined in a harmonic well. Then, the N
particles are clustered in 3k−1 clusters of 3 particles (clusters of the first level). The
ℓth, (ℓ = 1, , 2, . . . , 3k−1) cluster of the first level incorporates the three particles xi, i =
3ℓ − 2, 3ℓ − 1, 3ℓ. At the next step, the ”first level clusters” are clustered in ”second
level clusters” of 3 clusters. In each of these ”second level clusters” the ”first level
clusters” interact via a 2-body Calogero-type of potential given in terms of their centre
of mass coordinates,labeled wi,1, i = 1, 2, . . . , 3
k−2. The ℓth, (ℓ = 1, 2, . . . , 3k−2) cluster
of the second level incorporates the three clusters of first level positioned at wi,1, i =
3ℓ − 2, 3ℓ − 1, 3ℓ. This procedure is generalized by clustering further ”second level
clusters” for k ≥ 3, etc... Finally, a non-translationally invariant N -body potential is
added, with coupling constant µ, namely µ/(
∑3k
ℓ=1 x
2
ℓ). This quantum N -body system
is represented by the following Hamiltonian :
H =
3k∑
ℓ=1
(
− ∂
2
∂x2ℓ
+ ω2x2ℓ
)
+
µ∑3k
ℓ=1 x
2
ℓ
+
3k−1∑
ℓ=1
λℓ,1
∑
3ℓ−2≤i<j≤3ℓ
1
(xi − xj)2 +
3k−2∑
ℓ=1
λℓ,2
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,1 − wj,1)2
+
3k−3∑
ℓ=1
λℓ,3
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,2 − wj,2)2 + ......... +
∑
1≤i<j≤3
λ1,k
(wi,k−1 − wj,k−1)2 , (62)
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where we have defined the centres of mass of three-body clusters, clusters of ”type 1” :
wℓ,1 =
x3ℓ−2 + x3ℓ−1 + x3ℓ√
3
ℓ = 1, 2, 3, ..., 3k−1 . (63)
The xℓ’s are the coordinates of the particles (ℓ = 1, 2, .., 3
k). The centres of mass of
nine-body clusters, clusters of ”type 2”, read
wℓ,2 =
w3ℓ−2,1 + w3ℓ−1,1 + w3ℓ,1√
3
ℓ = 1, 2, 3, ..., 3k−2 , (64)
etc..., and the centres of mass of 3n-body clusters, clusters of ”type n”,display :
wℓ,n =
w3ℓ−2,n−1 + w3ℓ−1,n−1 + w3ℓ,n−1√
3
ℓ = 1, 2, 3, ..., 3k−n, n ≥ 2 . (65)
Starting from the Hamiltonian, Eq.(62), we introduce the change of coordinates
uℓ,1 =
1√
2
(x3ℓ−2 − x3ℓ−1), vℓ,1 = 1√
6
(x3ℓ−2 + x3ℓ−1 − 2x3ℓ) (66)
wℓ,1 =
1√
3
(x3ℓ−2 + x3ℓ−1 + x3ℓ) , ℓ = 1, 2, ..., 3
k−1.
The transformed Hamiltonian reads:
H =
3k−1∑
ℓ=1

− ∂2
∂u2ℓ,1
− ∂
2
∂v2ℓ,1
− ∂
2
∂w2ℓ,1
+ ω2[u2ℓ,1 + v
2
ℓ,1 + w
2
ℓ,1] +
9λℓ,1[u
2
ℓ,1 + v
2
ℓ,1]
2
2
[
u3ℓ,1 − 3uℓ,1v2ℓ,1
]2


+
3k−2∑
ℓ=1
λℓ,2
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,1 − wj,1)2 +
3k−3∑
ℓ=1
λℓ,3
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,2 − wj,2)2
+ ......... +
∑
1≤i<j≤3
λ1,k
(wi,k−1 − wj,k−1)2 +
µ∑3k−1
ℓ=1 [u
2
ℓ,1 + v
2
ℓ,1 + w
2
ℓ,1]
. (67)
Then we introduce the transformation
uℓ,2 =
1√
2
(w3ℓ−2,1 − w3ℓ−1,1), vℓ,2 = 1√
6
(w3ℓ−2,1 + w3ℓ−1,1 − 2w3ℓ,1) (68)
wℓ,2 =
1√
3
(w3ℓ−2,1 + w3ℓ−1,1 + w3ℓ,1) , ℓ = 1, 2, ..., 3
k−2 ,
and obtain the Hamiltonian
H =
3k−1∑
ℓ=1

− ∂2
∂u2ℓ,1
− ∂
2
∂v2ℓ,1
+ ω2[u2ℓ,1 + v
2
ℓ,1] +
9λℓ,1[u
2
ℓ,1 + v
2
ℓ,1]
2
2
[
u3ℓ,1 − 3uℓ,1v2ℓ,1
]2


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+
3k−2∑
ℓ=1

− ∂2
∂u2ℓ,2
− ∂
2
∂v2ℓ,2
− ∂
2
∂w2ℓ,2
+ ω2[u2ℓ,2 + v
2
ℓ,2 + w
2
ℓ,2] +
9λℓ,2[u
2
ℓ,2 + v
2
ℓ,2]
2
2
[
u3ℓ,2 − 3uℓ,2v2ℓ,2
]2


+
3k−3∑
ℓ=1
λℓ,3
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,2 − wj,2)2 +
3k−4∑
ℓ=1
λℓ,4
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,3 − wj,3)2 + .........
+
∑
1≤i<j≤3
λ1,k
(wi,k−1 − wj,k−1)2 +
µ∑3k−1
ℓ=1 [u
2
ℓ,1 + v
2
ℓ,1] +
∑3k−2
ℓ=1 [u
2
ℓ,2 + v
2
ℓ,2 + w
2
ℓ,2]
.
The procedure of successive coordinate transformations is repeated and, at the nth
step, n = 2, 3, .., k, we have
uℓ,n =
1√
2
(w3ℓ−2,n−1 − w3ℓ−1,n−1), vℓ,n = 1√
6
(w3ℓ−2,n−1 + w3ℓ−1,n−1 − 2w3ℓ,n−1)
wℓ,n =
1√
3
(w3ℓ−2,n−1 + w3ℓ−1,n−1 + w3ℓ,n−1), ℓ = 1, 2, ..., 3
k−n, n = 2, 3, ..., k ,
and the Hamiltonian reads as :
H =
n∑
m=1


3k−m∑
ℓ=1

− ∂2
∂u2ℓ,m
− ∂
2
∂v2ℓ,m
+ ω2[u2ℓ,m + v
2
ℓ,m] +
9λℓ,m[u
2
ℓ,m + v
2
ℓ,m]
2
2
[
u3ℓ,m − 3uℓ,mv2ℓ,m
]2




+
3k−n∑
ℓ=1
(
− ∂
2
∂w2ℓ,n
+ ω2w2ℓ,n
)
+ (1− δn,k)
k∑
m=n+1


3k−m∑
ℓ=1
λℓ,m
∑
3ℓ−2≤i<j≤3ℓ
1
(wi,m−1 − wj,m−1)2


+
µ
(
∑n
m=1
∑3k−m
ℓ=1 [u
2
ℓ,m + v
2
ℓ,m]) +
∑3k−n
ℓ=1 w
2
ℓ,n
(69)
where δn,k denotes the Kronecker symbol. The number of partial derivatives is equal
to 3k since
2 (3k−1 + 3k−2 + ...+ 3k−n) + 3k−n = 2 3k−n(1 + 3 + 32 + ...+ 3n−1) + 3k−n
= 2
3k−n(3n − 1)
2
+ 3k−n = 3k . (70)
At the end we have, for n = k :
H =
k∑
m=1
3k−m∑
ℓ=1

− ∂2
∂u2ℓ,m
− ∂
2
∂v2ℓ,m
+ ω2[u2ℓ,m + v
2
ℓ,m] +
9λℓ,m[u
2
ℓ,m + v
2
ℓ,m]
2
2
[
u3ℓ,m − 3uℓ,mv2ℓ,m
]2


− ∂
2
∂w21,k
+ ω2w21,k +
µ
(
∑k
m=1
∑3k−m
ℓ=1 [u
2
ℓ,m + v
2
ℓ,m]) + w
2
1,k
. (71)
Setting
uℓ,m = rℓ,m sinϕℓ,m vℓ,m = rℓ,m cosϕℓ,m, ℓ = 1, 2, ..., 3
k−m, m = 1, 2, ..., k ,
0 ≤ rℓ,m <∞ , 0 ≤ ϕℓ,m ≤ 2π ,
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we obtain
H =
k∑
m=1
3k−m∑
ℓ=1
[
− ∂
2
∂r2ℓ,m
− 1
rℓ,m
∂
∂rℓ,m
+ ω2r2ℓ,m +
1
r2ℓ,m
(
− ∂
2
∂ϕ2ℓ,m
+
9λℓ,m
2 sin2(3ϕℓ,m)
)]
− ∂
2
∂w21,k
+ ω2 w21,k +
µ
(
∑k
m=1
∑3k−m
ℓ=1 r
2
ℓ,m) + w
2
1,k
. (72)
Let us introduce the notation for the set of (3k − 1)/2 variables
Vk(y) ≡ {y3k−1,1, y3k−1−1,1, ..., y2,1, y1,1, y3k−2,2, ..., y1,2, ..., y3,k−1, y2,k−1, y1,k−1, y1,k} (73)
For further convenience we introduce the truncated sets:
Vˆk(y) ≡ {y3k−1−1,1, y3k−1−2,1, ..., y2,1, y1,1, y3k−2,2, ..., y1,2, ..., y3,k−1, y2,k−1, y1,k−1, y1,k}
(74)
Wℓ,k−m(y) ≡ {y3k−1,1, y3k−1−1,1, ..., y2,1, y1,1, y3k−2,2, ..., y1,2, ...,
y3m,k−m, y3m−1,k−m, ...., yℓ+1,k−m, yℓ,k−m} (75)
and
Wˆℓ,k−m(y) ≡ {y3k−1−1,1, y3k−1−2,1, ..., y2,1, y1,1, y3k−2,2, ..., y1,2, ...,
y3m,k−m, y3m−1,k−m, ...., yℓ+1,k−m, yℓ,k−m} (76)
We have W1,k(y) ≡ Vk(y) and Wˆ1,k(y) ≡ Vˆk(y), these latter both sets being defined
for k 6= 1.
The equation (72) suggests that the wave function Ψ, solution of HΨ = EΨ, can
be factorized as follows
Ψ(w1,k, Vk(r), Vk(ϕ)) =
1√∏k
m=1
∏3k−m
ℓ=1 rℓ,m
× χ(w1,k, Vk(r))×
k∏
m=1
3k−m∏
ℓ=1
Φ(ℓ,m)(ϕℓ,m) .
(77)
This factorization permits to separate the ”angular” equations from the ”radial” ones.
The (3k − 1)/2 angular equations are solved independently:
(
− d
2
dϕ2ℓ,m
+
9λℓ,m
2 sin2(3ϕℓ,m)
)
Φnℓ,m(ϕℓ,m) = Bnℓ,mΦnℓ,m(ϕℓ,m), (78)
m = 1, 2, .., k ℓ = 1, 2, .., 3k−m ,
on the interval ]0, π/3[, with Dirichlet conditions at the boundaries ϕℓ,m = 0, π/3. The
Bnℓ,m are the quantized eigenvalues of the equations (78) respectively given by
Bnℓ,m = b
2
nℓ,m
, bnℓ,m = 3
(
nℓ,m +
1
2
+ aℓ,m
)
, (79)
aℓ,m =
1
2
√
1 + 2λℓ,m , nℓ,m = 0, 1, 2, ...., m = 1, .., k, ℓ = 1, 2, ..., 3
k−m . (80)
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The associated eigensolutions are given in terms of the Gegenbauer polynomials
C(q)n
Φnℓ,m(ϕℓ,m) = (sin 3ϕℓ,m)
1
2
+aℓ,mC
( 1
2
+aℓ,m)
nℓ,m (cos 3ϕℓ,m), 0 ≤ ϕℓ,m ≤
π
3
, nℓ,m = 0, 1, 2, .. .
(81)
We have now to solve the following Schro¨dinger equation

k∑
m=1
3k−m∑
ℓ=1
[
− ∂
2
∂r2ℓ,m
+ ω2r2ℓ,m +
Bnℓ,m − 14
r2ℓ,m
− ∂
2
∂w21,k
+ ω2 w21,k
]
+
µ
(
∑k
m=1
∑3k−m
ℓ=1 r
2
ℓ,m) + w
2
1,k
− EVk(n)

χVk(n)(w1,k, Vk(r)) = 0 . (82)
The general solution of the latter equation reads, for µ = 0,
χnw1,k ,Vk(Λ),Vk(n)(w1,k, Vk(r)) = Hnw1,k (
√
ωw1,k) exp(−ωw21,k/2)
×
k∏
m=1
3k−m∏
ℓ=1
r
bnℓ,m+1/2
ℓ,m L
(bnℓ,m )
Λℓ,m
(ωr2ℓ,m) exp(−ωr2ℓ,m/2)
nw1,k = 0, 1, 2, .. , Λℓ,m = 0, 1, 2, ... , ℓ = 1, 2, .., 3
k−m m = 1, 2, .., k
in terms of the Hermite (Hnw1,k ) and the Laguerre polynomials L
(bnℓ,m )
Λℓ,m
. The eigenen-
ergy reads
Enw1,k ,Vk(Λ),Vk(n) = 2ω

12 + nw1,k +
k∑
m=1
3k−m∑
ℓ=1
[
1 + 2Λℓ,m + 3
(
nℓ,m +
1
2
+ aℓ,m
)]
 .
(83)
If all the aℓ,m’s, Eq.(80), are equal to, say, a, the summation in Eq.(83) leads to a term
a(N − 1)/2 with N = 3k, contributing to the energy Eq.(83). If (∀ℓ) the coupling
constant satisfies λℓ,m = λ1,m and λ1,m = 9
m−1λ1,1, the summation in Eq.(83), for high
values of λ1,1, leads to a number of terms proportional to a1,1 equal to 3(3
k−1 + 3k +
3k+1+32k−2) ≃ 3k(3k−1)/2 = N(N−1)/2. Therefore we have a term like aN(N−1)/2
contributing to the energy.
For µ 6= 0 the Hamiltonian is not separable in {w1,k, Vk(r)} variables. As before, we
introduce hyperspherical coordinates, taking into account the fact that all components
of Vk(r) have positive values :
w1,k = r cosα, 0 ≤ r <∞ , 0 ≤ α ≤ π
r1,k = r sinα cos β1,k , 0 ≤ β1,k ≤ π
2
, k 6= 1
r1,k−1 = r sinα sin β1,k cos β1,k−1 , 0 ≤ β1,k−1 ≤ π
2
r2,k−1 = r sinα sin β1,k sin β1,k−1 cos β2,k−1 , 0 ≤ β2,k−1 ≤ π
2
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r3,k−1 = r sinα sin β1,k sin β1,k−1 sin β2,k−1 cos β3,k−1 , 0 ≤ β3,k−1 ≤ π
2
... ...
r1,k−m =

r sinα m∏
j=1
3j−1∏
i=1
sin βi,k−j+1

 cos β1,k−m , 0 ≤ β1,k−m ≤ π
2
, 1 ≤ m ≤ k − 2
... ...
rℓ,k−m =

r sinα m∏
j=1
3j−1∏
i=1
sin βi,k−j+1

×

ℓ−1∏
j=1
sin βj,k−m

 cos βℓ,k−m
0 ≤ βℓ,k−m ≤ π
2
, 1 ≤ ℓ ≤ 3m , ,
... ...
rℓ,1 =

r sinα k−1∏
j=1
3j−1∏
i=1
sin βi,k−j+1 ×
ℓ−1∏
j=1
sin βj,1

 cos βℓ,1 , 0 ≤ βℓ,1 ≤ π
2
, ℓ ≥ 1
... ...
r3k−1−1,1 =

r sinα k−1∏
j=1
3j−1∏
i=1
sin βi,k−j+1 ×
3k−1−2∏
j=1
sin βj,1

 cos β3k−1−1,1, 0 ≤ β3k−1−1,1 ≤ π2
r3k−1,1 =

r sinα k−1∏
j=1
3j−1∏
i=1
sin βi,k−j+1 ×
3k−1−2∏
j=1
sin βj,1

 sin β3k−1−1,1 (84)
The Schro¨dinger equation (82) is then written as :{
− ∂
2
∂r2
− 3
k − 1
2r
∂
∂r
+ ω2r2 +
µ
r2
+
1
r2
[
− ∂
2
∂α2
− 3
k − 3
2
cotα
∂
∂α
+
1
sin2 α
[
− ∂
2
∂β21,k
− 3
k − 5
2
cot β1,k +
Bn1,k − 14
cos2 β1,k
+
....[
− ∂
2
∂β2ℓ,k−m
− 3
k − 3m − 2− 2ℓ
2
cotβℓ,k−m
∂
∂βℓ,k−m
+
Bnℓ,k−m − 14
cos2 βℓ,k−m
+
....
− ∂2
∂β23k−1−2,1
− cot β3k−1−2,1
∂
∂β3k−1−2,1
+
Bn
3k−1−2,1
− 1
4
cos2 β1,3k−1−2,1
+
1
sin2 β3k−1−2,1

− ∂2
∂β23k−1−1,1
+
Bn
3k−1−1,1
− 1
4
cos2 β3k−1−1,1
+
Bn
3k−1,1
− 1
4
sin2 β3k−1−1,1










−EVk(n)
}
χVk(n)(r, α, Vˆk(β)) = 0 . (85)
This equation is solved completely in the Appendix where the calculations are
reported.
4 Conclusions
In this work, we have studied the exact solvability of a particular quantum system of
N equal mass particles with N = 3k (k ≥ 2), confined in an harmonic field. In this
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system, the particles are clustered in clusters of 3 particles. The interaction between
the particles are governed by two-body Calogero potentials inside each cluster and
with several many-body potentials. The number of these potentials increases with the
number of the particles. To illustrate the procedure for solving this quantum system,
the particular case of 9 particles is studied (k = 2) and solved exactly. Namely the reg-
ular eigensolutions and the corresponding eigenenergies of the stationary Schro¨dinger
equation are derived explicitly. The general case of N = 3k particles is also stud-
ied. Thanks to some successive appropriate coordinates transformations, the problem
becomes separable, then the full solutions are explicitly derived, namely the eigen-
wave functions and the energy spectrum of the corresponding Schro¨dinger equation.
Having obtained the exact solution of this N -body particular quantum problem, with
N = 3k(k ≥ 2), it appears that a similarN -body problem with N = 2k(k ≥ 2) particles
is also exactly solvable. In this case the particles are arranged in clusters of 2-particles
each, and interacting via a two-body Calogero potential inside each cluster, and with
other many-body forces involved in the whole set of interactions. Other solvable N -
body problems may be obtained by replacing the confining harmonic term
∑N
i=1 ω
2x2i
in the Hamiltonians considered in this paper, by an attractive ”Coulomb-type” po-
tential −α/
√∑N
i=1 x
2
i (α > 0), giving rise to both bound states with negative discrete
spectrum and scattering states with positive continuous spectrum.
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A Appendix
In the whole section we consider values k 6= 1. The Hamiltonian Eq.(85) may be
mapped to the problem of one particle in the space of dimension (3k+1)/2 with a non
central potential of the form
V (r, α, Vˆk(β)) = g(r) +
1
r2 sin2 α
[
k−1∑
m=0
3m∑
ℓ=1
...(1− δm,k−1δℓ,3k−1) [fℓ,k−m(βℓ,k−m)
+(1− δm,k−1δℓ,3k−1−1)
1
sin2(βℓ,k−m)
[
........
[
f3k−1−1,1(β3k−1−1,1)
]]]]
.
The problem becomes then separable in the (3k + 1)/2 variables {r, α, Vk(β)}. For the
sake of simplicity we introduce the set :
Zℓ,k−m(Λ,n) ≡ Wˆℓ,k−m(Λ) ∪Wℓ,k−m(n) , (86)
which is the union of Wˆℓ,k−m(Λ) and Wℓ,k−m(n), and which includes 3
k − 2 quantum
numbers. More precisely we have :
Zℓ,k−m(Λ,n) ≡ {Λ3k−1−1,1,Λ3k−1−2,1, ...,Λ2,1,Λ1,1,Λ3k−2,2, ...,Λ1,2, ...,
Λ3m,k−m,Λ3m−1,k−m, ....,Λℓ+1,k−m,Λℓ,k−m,
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n3k−1,1, n3k−1−2,1, ..., n2,1, n1,1, n3k−2,2, ..., n1,2, ...,
n3m,k−m, n3m−1,k−m, ...., nℓ+1,k−m, nℓ,k−m} (87)
To find the solution we factorize the wave function as follows :
χnr ,nα,Z1,k(Λ,n)(r, α, Vˆk(β)) =
Fnr ,nα,Z1,k(Λ,n)(r)
r(3k−1)/4
Gnα,Z1,k(Λ,n)(α)
(sinα)(3k−3)/4
×
k−1∏
m=0
3m∏
ℓ=1
(1− δm,k−1δℓ,3k−1)
QZℓ,k−m(Λ,n)(βℓ,k−m)
(sin βℓ,k−m)(3
k−3m−2−2ℓ)/4
, k ≥ 1 . (88)
Accordingly, equation (85) separates into (3k + 1)/2 decoupled differential equations.
The first one reads :
− ∂2
∂β23k−1−1,1
+
Bn
3k−1−1,1
− 1
4
cos2 β3k−1−1,1
+
Bn
3k−1,1
− 1
4
sin2 β3k−1−1,1
−EΛ
3k−1−1,1
,n
3k−1,1
,n
3k−1−1,1
)
QΛ
3k−1−1,1
,n
3k−1,1
,n
3k−1−1,1
(β1,3k−1−1,1) = 0 . (89)
We remind that Bnℓ,k−m, bnℓ,k−m are given by equations (79,80). We have :
EΛ
3k−1−1,1
,n
3k−1,1
,n
3k−1−1,1
= ǫ2Λ
3k−1−1,1
,n
3k−1,1
,n
3k−1−1,1
ǫΛ
3k−1−1,1
,n
3k−1,1
,n
3k−1−1,1
= 2Λ3k−1−1,1 + 1 + bn3k−1,1 + bn3k−1−1,1 . (90)
The eigensolution reads :
QΛ
3k−1−1,1
,Vk(n)(β3k−1−1,1) = (sin β3k−1−1,1)
1
2
+b
3k−1,1 (cos β3k−1−1,1)
1
2
+b
3k−1−1,1
× P (b3k−1,1,b3k−1−1,1)Λ
3k−1−1,1
(cos 2β3k−1−1,1) . (91)
The next equation reads,
− ∂2
∂β23k−1−2,1
+
Bn
3k−1−2,1
− 1
4
cos2 β3k−1−2,1
+
EZ
3k−1−1,1
(Λ,n) − 14
sin2 β3k−1−2,1
−EZ
3k−1−2,1
(Λ,n)
)
QZ
3k−1−2,1
(Λ,n)(β3k−1−2,1) = 0 , (92)
taking into account :
EΛ
3k−1−1,1
,n
3k−1,1
,n
3k−1−1,1
≡ EZ
3k−1−1,1
(Λ,n) . (93)
We have :
EZ
3k−1−2,1
(Λ,n) = ǫ
2
Z
3k−1−2,1
(Λ,n)
ǫZ
3k−1−2,1
(Λ,n) = 2Λ3k−1−2,1 + 2Λ3k−1−1,1 + 2 + bn3k−1−2,1 + bn3k−1−1,1 + bn3k−1,1 .
The corresponding eigensolution is :
QZ
3k−1−2,1
(Λ,n) = (sin β3k−1−2,1)
1
2
+ǫZ
3k−1−1,1
(Λ,n)
× (cos β3k−1−2,1)
1
2
+bn
3k−1−2,1 × P
(ǫZ
3k−1−1,1
(Λ,n),bn
3k−1−2,1
)
Λ
3k−1−1,1
(cos 2β3k−1−2,1).
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The procedure is followed, and at the mth step, we obtain :(
− ∂
2
∂β2ℓ,k−m
+
Bnℓ,k−m − 14
cos2 βℓ,k−m
+
EZℓ+1,k−m(Λ,n) − 14
sin2 βℓ,k−m
−EZℓ,k−m(Λ,n)
)
QZℓ,k−m(Λ,n)(βℓ,k−m) = 0 . (94)
with
EZℓ,k−m(Λ,n) = ǫ
2
Zℓ,k−m(Λ,n)
. (95)
We have
ǫZℓ,k−m(Λ,n) = (1− δm,k−1)

 k−1∑
i=m+1
3i∑
j=1
(2Λj,k−i + 1)(1− δi,k−1δj,3i) + bj,k−i


+
3m∑
j=ℓ
[(2Λj,k−m + 1)(1− δm,k−1δj,3m) + bj,k−m] . (96)
The eigensolution reads
QZℓ,k−m(Λ,n)(βℓ,k−m) = (sin βℓ,k−m)
ǫZℓ+1,k−m(Λ,n)+
1
2 (cos βℓ,k−m)
bℓ,k−m+
1
2
× P (ǫZℓ+1,k−m(Λ,n),bnℓ,k−m)Λk−m (cos 2βℓ,k−m), (97)
0 ≤ βℓ,k−m ≤ π
2
, Λk−m = 0, 1, 2, ... .
The equation concerning the angular variable β1,k is written as(
− ∂
2
∂β21,k
+
Bn1,k − 14
cos2 β1,k
+
EZ2,k(Λ,n) − 14
sin2 β1,k
− EZ1,k(Λ,n)
)
QZ1,k(Λ,n)(β1,k) = 0 (98)
with
ǫZ1,k(Λ,n) =

k−1∑
i=0
3i∑
j=1
(2Λj,k−i + 1)(1− δi,k−1δj,3i) + bj,k−i

 . (99)
The latter equation (98) includes 3k−2 quantum numbers. The two last equations are
: (
− ∂
2
∂α2
+
EZ1,k(Λ,n) − 14
sin2 α
− Enα,Z1,k(Λ,n)
)
Gnα,Z1,k(Λ,n)(α) = 0 (100)
with
Enα,Z1,k(Λ,n) = ǫ
2
nα,Z1,k(Λ,n)
ǫnα,Z1,k(Λ,n) =

k−1∑
i=0
3i∑
j=1
(2Λj,k−i + 1)(1− δi,k−1δj,3i) + bj,k−i

+ nα + 1
2
(101)
and the radial equation(
− ∂
2
∂r2
+ ω2r2 +
µ+ Enα,Z1,k(Λ,n) − 14
r2
−Enr ,nα,Z1,k(Λ,n)
)
Fnr,nα,Z1,k(Λ,n)(r) = 0 (102)
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with
Enr ,nα,Z1,k(Λ,n)
2ω
=

2nr + 1 +
√√√√√µ+



k−1∑
i=0
3i∑
j=1
(2Λj,k−i + 1)(1− δi,k−1δj,3i) + bj,k−i

+ nα + 1
2


2


(103)
Setting
dα = ǫZ1,k(Λ,n) , κ
2 = µ+ Enα,Z1,k(Λ,n) , (104)
and taking into account the equations (49),(54) and (97), the final solution, Eq.(88),
reads :
χnr ,nα,Z1,k(Λ,n)(r, α, Vˆk(β)) = r
κ−(3k−3)/4Lκnr(ωr
2) exp
(
−ωr
2
2
)
sin(α)dα−(3
k−5)/4 C(dα+1/2)nα (cosα)
k−1∏
m=0
3m∏
ℓ=1
(1− δm,k−1δℓ,3m)(sin βℓ,k−m)ǫZℓ,k−m(Λ,n)+1−(3
k−3m−2ℓ)/4
(cos βk−m)
bℓ,k−m+
1
2
×P (ǫZℓ,k−m(Λ,n),bℓ,k−m)Λk−m (cos 2βk−m) .
The general solution Ψnr ,nα,Z1,k(Λ,n)(Vk(r), Vk(ϕ)), Eq.(77), in its symmetric form,
reads :
Ψnr,nα,Z1,k(Λ,n)(Vk(r), Vk(ϕ)) = r
κ+1−3k/2Lκnr(ωr
2) exp
(
−ωr
2
2
)
sin(α)dα+3/2−3
k/2 C(dα+1/2)nα (cosα)
k−1∏
m=0
3m∏
ℓ=1
(1− δm,k−1δℓ,3m)(sin βℓ,k−m)ǫZℓ,k−m(Λ,n)−(3
k−3m−2ℓ−2)/2
(cos βk−m)
bℓ,k−m
×P (ǫZℓ,k−m(Λ,n),bℓ,k−m)Λk−m (cos 2βk−m)
k∏
m=1
3k−m∏
ℓ=1
| sin 3ϕℓ,m| 12+aℓ,mC(
1
2
+aℓ,m)
nℓ,m (cos 3ϕℓ,m) , (105)
(∀ℓ)(∀m) Λℓ,k−m = 0, 1, 2, ... 1 ≤ ℓ ≤ 3k−m, 1 ≤ m ≤ k − 1
(∀ℓ)(∀m) nℓ,k−m = 0, 1, 2, ... 1 ≤ ℓ ≤ 3k−m, 1 ≤ m ≤ k − 1
(∀ℓ)(∀m) 0 ≤ βℓ,k−m ≤ π
2
, 1 ≤ ℓ ≤ 3k−m, 1 ≤ m ≤ k − 1
0 ≤ α ≤ π 0 ≤ r <∞
(∀ℓ)(∀m) 0 ≤ ϕℓ,k−m ≤ π
3
, 1 ≤ ℓ ≤ 3k−m, 1 ≤ m ≤ k
(∀ℓ)(∀m) aℓ,m = 1
2
√
1 + 2λℓ,m , 1 ≤ ℓ ≤ 3k−m, 1 ≤ m ≤ k . (106)
Note that Λ3k,1 does not appear in Eqs.(106).
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